Abstract. We give a loop group formulation for the problem of isometric immersions with flat normal bundle of a simply connected pseudo-Riemannian manifold M m c,r , of dimension m, constant sectional curvature c = 0, and signature r, into the pseudo-Euclidean space R m+k s , of signature s ≥ r. In fact these immersions are obtained canonically from the loop group maps corresponding to isometric immersions of the same manifold into a pseudo-Riemannian sphere or hyperbolic space S m+k s or H m+k s , which have previously been studied. A simple formula is given for obtaining these immersions from those loop group maps.
Introduction
Many special submanifolds can be formulated as maps into loop groups which admit various techniques to produce or analyse solutions (see, for example, [4] , [8] , [7] , and associated references). Concerning the present article, it was shown by Ferus and Pedit [6] , between simply connected Riemannian space forms, where c =c and c = 0 = c, admit a loop group formulation. They come in natural families parameterised by a spectral parameter λ in either R * , iR * or S 1 , and the constant curvature of the immersion varies with λ. They also showed how to produce many local solutions using the AKS theory, when k ≥ m − 1. If c <c, then k = m − 1 is the minimal codimension for even a local isometric immersion, and in this critical codimension the normal bundle is automatically flat.
In [3] , it was shown that these loop group maps can also be constructed from flat immersions, using a generalised DPW method. In [2] , each map was shown, moreover, to correspond to different immersions into different target spaces, depending on whether the map was evaluated for values of the spectral parameter λ in R * , iR * or S 1 , showing that various global isometric immersion problems are equivalent.
The immersions obtained for λ in iR * and S 1 shrink to a point as λ approaches the degenerate values ±i, and so it is of interest to find another way to interpret the loop group map at these values, to complete the above picture. On the other hand, the casec = 0 has still not been given a loop group formulation, and therefore is also of interest. In this note we will simultaneously solve both of these problems. . We give a simple, coordinate free, proof of this result, which generalises to an arbitrary situation what had, in effect, been shown earlier [1] for the special case that the space being immersed is Riemannian, the codimension is m− 1, and such that the principle normal curvatures are never equal to c−c, which guaranteed the existence of principle coordinates.
In Sections 3 and 4, we look at the loop group formulation mentioned above, which generalises easily to pseudo-Riemannian space forms of arbitrary signatures. Previously, Cieśliński and Aminov [5] , had shown locally and for the special case of isometrically immersing the hyperbolic space H m into the sphere S 2m−1 , that, by allowing the target space to grow so that the curvature induced on the immersion remains fixed as the parameter λ varies, one obtains, in the limit as the radius of the spherical target space approaches infinity, an isometric immersion of H m in Euclidean space E 2n−1 . They also gave a formula of Sym type for the immersion into E 2n−1 . We prove, Theorem 4.1, that this result holds globally, and for arbitrary signatures and codimension. The limit as the target space approaches pseudo-Euclidean space corresponds to the above-mentioned degenerate spectral parameter values λ = ±i, and the immersion into pseudo-Euclidean space obtained at λ = i is the same as the one given in Theorem 2.1. We also prove that, conversely, every isometric immersion with flat normal bundle M m c,r → R m+k s is associated to one of these loop group maps.
The Sym-type formula (4.4) allows one to obtain the immersion into pseudoEuclidean space directly from the loop group map. Thus the loop group methods for producing constant curvature immersions into pseudo-Riemannian spheres and hyperbolic spaces, which have already been developed in [6] and [3] , automatically and explicitly produce isometric immersions of the same manifold into pseudoEuclidean space, with the same codimension. . The isometry group of S n s is SO s (n+ 1, R) = {A ∈ GL(n + 1, R) | A t JA = J}, where J is a diagonal matrix, diag(ǫ 1 , ..., ǫ n+1 ), whose entries ǫ i are all ±1, and where s of these entries are negative. Let ASO s (n, R) denote the group of pseudo-Euclidean motions of R n s , that is the subgroup of GL(n + 1, R) consisting of matrices of the form
where T ∈ SO s (n, R) and a is a column vector. Let M be a manifold of dimension m, andf : M → R m+k s an immersion such that the pull-back metric has signature r. An adapted frame forf is a map, F :→ ASO s (m + k), which has the form
where T = [ê 1 , ...,ê m ,n 1 , ...,n k ], and the column vectorsê i andn j span the tangent and normal spaces respectively to the image off . We fix the matrix J which defines SO s (n, R) to be of the form
where J 1 is m × m and of signature r, and J 2 is k × k of signature s − r. J 1 encodes the signature of the induced metric. The Maurer-Cartan form forF is the pull-back of the Maurer-Cartan form on Given such an immersionf , an adapted frame always exists locally. If X and Y are matrix-valued 1-forms, their wedge product is defined to have components
where, if Ω(M ) denotes the vector space of real valued 1-forms on
Conversely, given a 1-form of the form (2.1), defined on a simply connected subset U ⊂ M , such that the componentsθ i are all linearly independent 1-forms, and which satisfies (2.2), thenÂ integrates to an adapted frameF for an immersion f : U → R m+k . Let Q 
Here ω, β, θ, η and α all have the same form and interpretation as their corresponding objects in the affine case above.
In any of the above cases, constant sectional curvature c and flatness of the normal bundle for the immersion are characterised respectively by the following equations and their analogues, replacing an object x withx where appropriate: t . Choose an adapted frame F for f on a simply connected neighbourhood U of p, normalised to the identity at p. This frame is unique up to right multiplication by a smooth map G : U → SO r (m, R) × SO s−r (k, R) ⊂ SO s+δ (m + k + 1, R), which has the form
This corresponds to a change of orthonormal frames for the tangent and normal bundles, while fixing the last column, f .
Let A be the Maurer-Cartan form for F , with components labelled as in the equation (2.3). Now set
The allowed ranges for c ensure that the factor
is real, soÂ is a 1-form with values in the Lie algebra of ASO s (m+ k, R). It is a straightforward computation to verify that A satisfies the integrability condition (2.2) together with the equations (2.4) and (2.5) if and onlyÂ does also. In the computation, one uses (2.4) to obtain the equivalence of the first diagonal components of the Maurer-Cartan equations, which for A andÂ are, respectively,
and the equation (2.5) is needed for the second diagonal components. Thus constant curvature and flatness of the normal bundle are essential here. Now we can integrateÂ on U to get a unique adapted frameF for the desired immersionf , with the initial conditionF (p) = I. The freedom for the choice of adapted frame forF is also post-multiplication by a smooth mapĜ : U → SO r (m, R) × SO s−r (k, R) ⊂ ASO s (m + k, R), which has the same form as (2.6), and has exactly the same effect on the Maurer-Cartan formÂ, whether it is applied first to F , and then constructingÂ as prescribed above, or whether it is applied tô F after the construction from F and then differentiatingF . Hence the mapf is uniquely determined by our choice of normalisation point p, which corresponds to an action of the isometry group ASO s (m + k, R).
For the global picture, one observes that for any point q in M , there is a simply connected neighbourhood U q of q, which contains p, and an adapted frame F q on U q , normalised at p. Thus the same procedure can be carried out on U q . On the overlap, U q ∩U , F and F q differ only by right multiplication by a matrix of the form (2.6), which has already been taken into account in our construction off described above.
The induced metric for both f andf is given in terms of the local coframe,
t , by the formula θ 
The loop group formulation
The loop group formulation for isometric immersions of space forms given in [6] works also for the pseudo-Riemannian case. Here is a brief outline of the formulation of Ferus and Pedit, the only difference here being that we allow non-Riemannian signatures. The computations are easily verified to go through exactly as in [6] .
Let M be a simply connected pseudo-Riemannian space form, with constant curvature c = 0 and of signature r, and fix a base point p of M . Given an isometric immersion with flat normal bundle, f , of M into the pseudo-Riemannian sphere or hyperbolic space, Q m+k s (ǫ), and an adapted frame F , one inserts a complex parameter λ into the Maurer-Cartan form (2.3), to obtain a family of 1-forms,
The original Maurer-Cartan form is obtained at λ 0 = 1 √ ǫc
(1 + √ 1 − ǫc). The assumptions that f has constant curvature and flat normal bundle are equivalent to the assumption that A λ satisfies the Maurer-Cartan equation (2.2) for all λ in the punctured plane C * . Depending on the original curvature value c, A λ is real for λ in one of iR * , R * , or S 1 , and integrates to an adapted frame , 1), or (1, ∞) , for the case ǫ = 1, and their reflections about 0 for the case ǫ = −1. The family F λ is unique with the normalisation F λ (p) = I. As mentioned in the introduction, there are several methods for producing the loop group maps F λ , for k ≥ m − 1, using techniques from integrable systems.
Remark 3.1. An important point for our discussion in the next section is that, even though a single global adapted frame may not exist for f , one can nevertheless show, [2] , that the family f λ is well defined globally on M .
The coframe of the immersion f λ , is given, from (3.1), by
and the curvature tensor turns out to be given by the expression
Thus, the constant curvature, which varies with λ, is given by the formula
Because the original map, f = f λ0 , is an immersion, it follows from (3.2) that f λ is an immersion for all λ = ±i. However, f ±i maps M to a single point, because its coframe is zero. If we take the normalisation F λ (p) = I, for some p ∈ M , then
Interpretation of the loop group map at λ = ±i
We seek an interpretation of the map F λ at λ = ±i. If we scale the space that we are immersing into, so that the curvature of the immersion is unchanged, instead of varying with λ, then, as λ approaches ±i, we must have the target space approaching flat space, and so, in the limit, we hope to have a constant curvature immersionf : M → R m+k s . To carry this out, set
As with the expression (3.1), it is easy to verify thatf λ is real for values of λ in the appropriate ranges corresponding to c and ǫ, described above. Thusf λ is a map from M into Q m+k s
. Now the image off can be identified with the image of f if we scale the ambient space R m+k+1 s+δ by a factor of R. This has the effect of scaling the metric by a constant conformal factor of R 2 , and the curvature by Because all we have done is scale the target space, an adapted frame,
, is 
The frameF λ is obtained by integrating this with the initial conditioñ
NowF λ is not defined at λ = ±i, becausef λ is not. However,Ã λ is defined at λ = ±i, and at that point reduces tõ If we apply a translation to our initial condition forf λ , and integrateÃ λ with the initial conditionF (p) = I m+k+2 , we get an adapted frameF λ which satisfieŝ ] t , we obtain, using (4.1), the formula This formula is independent of the choice of adapted frame, F , and is therefore, by Remark 3.1, valid globally.
